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We show that a T, space X is resolvable if the set of limit points A(X) of various simultaneously 
separated subsets of X is dense in X. Moreover, if A(X) is open also, then X is w-resolvable. It 
follows that a self-dense, Hausdorff space satisfying a generalized k-space (sequential space) 
condition is resolvable (respectively, w-resolvable). 
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0. Introduction 
Hewitt [9] studied the property of resolution of a topological space and proved 
that there are various classes of spaces, such that, all self-dense (= no isolated 
points) spaces belonging to those classes are resolvable. For example, Hewitt showed 
that the resolution property holds for all self-dense locally compact T2 spaces, as 
also, for all self-dense, first countable, T, spaces. Extending a result due to Sierpinski 
[12], Ceder [2] proved that any space belonging to either of these two classes is, 
in fact, maximally resolvable. Hence, the k question: Is every self-dense, HuusdorfS 
k-space maximally resolvable? Velichko [13] answered the k question partially by 
showing that the resolution property holds for all self-dense correct spaces; thus, 
also settling a question raised by El’kin [6]. Another partial answer to the k question 
was found by El’kin [4], who proved that all spaces of pointwise countable type 
are maximally resolvable. The k question, however, still remains unresolved. 
Velichko’s partial solution of the k question is somewhat obscure and unrevealing. 
In this paper, we present a new approach to tackle the problem of decomposing a 
space into disjoint dense sets. Using this approach, we show that there is an extensive 
class of T, spaces, wherein the resolution property does hold. In particular, we 
show that all self-dense T2 spaces satisfying a generalized k-space condition are 
resolvable. We also derive a new and interesting partial solution to the k question, 
namely, that every self-dense T, space satisfying a generalized sequential space 
condition is w-resolvable. 
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1. Definitions and preliminary results 
Throughout this paper, the symbol (Y denotes an arbitrary but fixed cardinal 
number, and w stands for the smallest infinite cardinal. For a subset A of a topological 
space X, the closure, the interior, and the derived set of A in X are respectively 
denoted by A-, A(‘, and A’. 
A topological space X is said to be a-resolvable if there is a collection b of 
cardinality (Y, consisting of pairwise disjoint, dense subsets of X; and then l is 
called an a-resolution of X. A 2-resolvable space is simply called resolvable, and an 
irresolvable space is one which is not resolvable. We say that X is totally irresolvable 
(- TIR) [almost totally irresolvable (- ATIR)] if no nonvoid [nonvoid and open] 
subset of X is resolvable. The dispersion character A(X) of a topological space X 
is the smallest cardinal of a nonempty open subset of X. We say that X is maximally 
resolvable if X has a A(X)-resolution such that each member of the resolution 
intersects each nonvoid open set in at least A(X) points. 
1.1. Remark. The following statements are easily verified [9]. 
(1) Each open subspace of an a-resolvable space is a-resolvable. 
(2) The closure of an a-resolvable set is a-resolvable. 
(3) If each nonempty open subset of X contains a nonempty, a-resolvable subset, 
then X is a-resolvable. 
(4) An arbitrary union of a-resolvable subsets of a topological space is LY- 
resolvable. 
(5) Let X be self-dense and T,. Then, X is maximally resolvable*X is w- 
resolvable+X is resolvable. 
The union of all the cr-resolvable subsets of X, denoted by X,,, is, by Remark 
1.1, a-resolvable and closed; and its complement X’, contains no nonvoid LY- 
resolvable set. In particular, Xg is TIR and open. Evidently, X is cu-resolvable iff 
X = X,; X is TIR iff X = Xs; and X is ATIR iff Xq is dense in X iff X2 is nowhere 
dense in X. Another characterization of ATIR spaces is given in the following 
theorem. 
1.2. Theorem. A topological space X is ATIR #each dense subset of X has a dense 
interior in X. 
Proof. We first note that if D is dense then any open set G disjoint from Do is 
resolvable; G n D and G n (X - D) is a resolution. Consequently, if X is ATIR 
then each dense subset of X must have a dense interior in X. Now, suppose X is 
not ATIR; let G be a nonvoid, resolvable, open subset of X, with a resolution 
{A, B}. Then, the set Au (X - G) is clearly dense in X, and its interior is obviously 
disjoint from G. This completes the proof. 0 
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A subset Y of a topological space X is said to be simultaneously separated in X 
if for each y E Y we can assign an open neighborhood GL. such that u, v E Y, u # v, 
*G,, n G, = 0. A point x E X is said to be accessible in X if x is a limit point of a 
simultaneously separated subset of X. The set of all accessible points of X will be 
denoted by A(X). 
1.3. Remark. The following statements follow directly from the definitions. 
(1) For each open subset G of X, h(G)=GnA(X) 
(2) If X is r,, and if Y is a simultaneously separated subset of X, then there is 
an open set G containing Y such that no limit point of Y is in G. 
1.4. Lemma. Let X be a T, space such that A(X) = X. Then, for any simultaneously 
separated subset A of X and for any open set G containing A, there exist a 
simultaneously separated subset B of X and an open set H of X, such that 
(1) BG Hc G-A, and 
(2) A s B’. 
Proof. For each x E A, assign an open neighborhood G, contained in G such that 
the collection {G,: x E A} is pairwise disjoint. As G, is open in X, A(G,) = G, n 
A(X) = G,. Therefore, there is a simultaneously separated subset B, of G, such 
that x E B:. By Remark 1.3, there is an open subset H, of G, such that B, E H,, 
andx~HH,.ThesetsB=U{B,:xEA},andH=U{H,:xEA}areasrequired. 0 
1.5. Lemma. Let Y be an inJinite subset of a Hausdorfl space X such that Y’ # 0. 
Then, there is an infinite subset Z of Y such that Z is simultaneously separated in X. 
Proof. Take y E Y’, and z, E Y, such that y f z,; and let G, and H, be two disjoint 
open subsets of X such that y E G, and z, E H,. As Y n G, is infinite, we can find 
two disjoint open sets G2 and Hz contained in G, such that y E G, and Hz intersects 
Y. Thus, inductively we obtain a sequence {H,,} of pairwise disjoint, open subsets 
of X such that Y n H,, f 0; and if z, E Yn H,,, the set Z ={z,,: n < CO} is as 
required. 0 
1.6. Theorem. For any compact subset K of a Hausdorff space X, K’ = (K’ n A (X))-. 
Proof. Since K’ is closed, (K’n A(X))) G K’. Let y E K’, and let G be an arbitrary 
open set containing y. It will suffice to show that G n K’n A(X) # 0. Let E and F 
be two disjoint open sets containing the disjoint compact sets K n (X - G) and {y} 
respectively, and let L = K n (X - E). As y is a limit point of K n F g L, y E L’. 
Note that L is a compact subset of G. By Lemma 1.5, there is an infinite subset Z 
of L, such that Z is simultaneously separated in X. Clearly, Z’ # 0, and Z’c G n K’n 
A(X). That completes the proof. 0 
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1.7. Corollary. Each infinite compact subset of a Hausdorff space X intersets h(X). 
2. Main results 
In this section we show that X is resolvable (resp. w-resolvable) if A(X) is dense 
(resp. dense and open) in X. 
2.1. Theorem. Any T, space X such that A(X) = X is w-resolvable. 
Proof. Let Y be an arbitrary, nonvoid, open subset of X. By Remark 1.1, it will 
suffice to show that Y contains a nonempty, w-resolvable subset. Take any y E Y, 
and let L, = {y}, and G, = Y. Applying Lemma 1.4, we define two sequences {L, : n < 
w}, and {G,: n < w} inductively such that 
(i) L, C_ Y is simultaneously separated in Y, G,, is an open subset of Y, 
(ii) L, c LL,,; and 
(iii) L,,, c G,,, c G, -L,. 
We note that {L,: n < w} is a collection of pairwise disjoint, simultaneously 
separated, nonvoid subsets of Y, and for each n < w, L, c LL,,. Clearly, the union 
of the terms of each subsequence of {L,} is a dense subset of the union S of all the 
terms of this sequence. As we can find w-many subsequences of {L,} such that no 
two of them have a term in common, and as the collection {L,} is pairwise disjoint, 
the nonvoid subset S of Y is obviously w-resolvable. This completes the proof. 0 
2.2. Corollary. A T, space X such that A(X) is dense and open in X is w-resolvable. 
Proof. By a given hypothesis and Remark 1.3, A(h(X)) = A(X). Thus, by the 
preceding theorem, A(X) is w-resolvable; and as A(X) is dense in X, X must also 
be w-resolvable. 17 
A subset F of a topological space X is said to be sequentially closed in X if no 
sequence in F converges to a point of X - F. A topological space X is said to be 
sequential [9] if each sequentially closed subset of X is closed in X. We will call a 
topological space X marginally sequential if each non-isolated x E X is a limit of a 
sequence in X -{x}. Obviously, every sequential space is marginally sequential. 
2.3. Theorem. Every self-dense, HausdorfS, marginally sequential space is w-resolvable. 
Proof. For any x E X, there is a sequence in X -{x} converging to x; and therefore, 
there is a compact set K such that {x} = K’. Thus, by Theorem 1.6, x E A(X). Now, 
Theorem 2.1 applies. q 
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2.4. Theorem. Any T, space X such that A(X) is dense in X, is resolvable. 
Proof. As A(X) is dense and T = Xs is open, the set D = A(X) n T is dense in T. 
As T is TIR, the interior E of D in T is also (Theorem 1.2) dense in T. Since T is 
open in X, so must also be E; and thus, by Remark 1.3, h (E) = E n h(X); A(E) = E. 
Therefore, by Theorem 2.1, E is w-resolvable. But as E c T, E must be TIR. 
Consequently, E = 0; and because E is dense in T, T = 0. It follows that X = X,, 
and the proof is complete. 0 
2.5. Theorem. Let X be a Hausdorflspace, and consider the following conditions: 
(a) Each nonvoid, open subset of X contains an infinite compact set. 
(b) The set of limit points of compact subsets of X is dense in X. 
(c) A (X) is dense in X. 
(d) X is resolvable. 
Then, (a)e(b)=+(c)+(d). 
Proof. The proof of (a)@(b) is direct; (c)+(d) follows from Theorem 2.4; and 
(a)+(c) by Corollary 1.7. 0 
The preceding theorem, when specialized to the class of self-dense k-spaces, 
yields an important result. A subset A of a topological space X is called k-closed 
if A n K is relatively closed in K for every compact set K c X. We call X a k-space 
if every k-closed subset of X is closed in X. 
2.6. Corollary. If each point of a HausdorfS space X is a limit point of a compact 
subset of X, then X is resolvable. In particular, each self-dense, Hausdorfl k-space is 
resolvable. 
A subset F of a topological space X is said to be k-finite if each compact subset 
of F is finite. It can be easily shown that the union cf(X), of all the k-finite, open 
subsets of X is itself k-finite. Obviously, any nonempty open subset of Y = 
X - cf(X)) must contain an infinite compact set; and so, if X is Hausdorff, Y must 
be, by Theorem 2.5, resolvable. Thus, we have: 
2.7. Theorem. X is Hausdorfl*X; E cf(X)). 
2.8. Theorem. Zf X is T2 and ATZR, then cf(X) is dense in X 
It is clear that any topological space X such that the set of isolated points of X 
is dense in X is ATIR. Among Hausdorff k-spaces, this condition characterizes the 
ATIR spaces. 
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2.9. Theorem. A Hausdorff k-space is ATIR iff the set of isolated points of X is dense 
in X. 
Proof. Suppose X is ATIR. By Theorem 2.8, cf(X) is dense in X. Also, cf(X) being 
an open subspace of a Hausdorff k-space, must itself be a k-space [ll]. As cf(X) 
is k-finite also, it must be discrete. The required conclusion follows from this and 
cf(X) being open. q 
While every irresolvable Hausdorff space must contain a nonvoid, k-finite open 
set, there also exist resolvable Hausdorff spaces which are k-finite. For example, if 
the usual topology of the reals Iw is expanded by letting all the countable sets be 
closed, the resulting space is connected, Hausdorff, k-finite, and w-resolvable. In 
fact, there even exist completely regular spaces having all these properties [l]. 
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